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Abstract
The Stieltjes constants γk(a) appear in the regular part of the Laurent ex-
pansion for the Hurwitz zeta function ζ(s, a). We present summatory results
for these constants γk(a) in terms of fundamental mathematical constants such
as the Catalan constant, and further relate them to products of rational func-
tions of prime numbers. We provide examples of infinite series of differences of
Stieltjes constants evaluating as volumes in hyperbolic 3-space. We present a
new series representation for the difference of the first Stieltjes constant at ra-
tional arguments. We obtain expressions for ζ(1/2)L−p(1/2), where for primes
p > 7, L−p(s) are certain L-series, and remarkably tight bounds for the value
ζ(1/2), ζ(s) = ζ(s, 1) being the Riemann zeta function.
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Introduction
Let ζ(s, a) be the Hurwitz zeta function, and ζ(s, 1) = ζ(s) be the Riemann zeta
function [18, 23, 27, 30] . In the complex plane of s, each of these functions has a
simple pole of residue 1 at s = 1. For Re s > 1 and Re a > 0 we have
ζ(s, a) =
∞∑
n=0
1
(n+ a)s
, (1.1)
and by analytic continuation ζ(s, a) extends to a meromorphic function through out
the whole complex plane. Accordingly, there is the Laurent expansion in terms of the
Stieltjes constants γk(a), [6, 9, 11, 12, 29, 31]
ζ(s, a) =
1
s− 1 +
∞∑
n=0
(−1)n
n!
γn(a)(s− 1)n, s 6= 1. (1.2)
We let Γ(s) be the Gamma function, ψ(s) = Γ′(s)/Γ(s) be the digamma function (e.g.,
[1, 2, 20]) with the Euler constant γ = γ0(1) = −ψ(1), and recall that γ0(a) = −ψ(a).
In the following, ψ(k) are the polygamma functions. We note that for integers n > 1,
ζ(n, a) reduces to values ψ(n−1).
The sequence {γk(a)}∞k=0 exhibits complicated changes in sign with k. For in-
stance, for both even and odd index, there are infinitely many positive and negative
values. Furthermore, there is sign variation with the parameter a. These features, as
well as the exponential growth in magnitude in k, are now well captured in an asymp-
totic expression ([24], Section 2, [26]). In fact, though initially derived for large values
of k, this expression is useful for computational approximation even for small values
of k.
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Reciprocity and other relations for the Stieltjes constants, Bernoulli polynomials,
and functions Ak(q) are given in [10]. The works [13] and [12] present explicit expres-
sions for the initial values of the Stieltjes constants at rational argument, and various
series representations, respectively.
This paper is largely illustrative, being a step in a program to explore summatory
relations for the Stieltjes constants in terms of fundamental mathematical constants
such as the Catalan constant
G ≡
∞∑
n=0
(−1)n
(2n+ 1)2
. (1.3)
We also relate sums of differences of Stieltjes constants to other mathematical con-
stants and products of prime numbers. 1. For the latter purpose, p is reserved for the
product index over primes. Two of many examples to be presented are then
∞∑
k=0
1
k!
[
γk
(
1
3
)
− γk
(
2
3
)]
=
1
3
, (1.4a)
and
G =
π2
8
∏
p≡3
mod 4
p2 − 1
p2 + 1
=
1
16
∞∑
k=0
1
k!
[
γk
(
1
4
)
− γk
(
3
4
)]
. (1.4b)
While, for instance, the first equality in (1.4b) is known, it seems unlikely that the
connection with the Stieljtes constants in the second equality has been established
before.
A major tool for the first sections of this paper are quadratic Dirichlet-L series and
their properties. Therefore, some further notation and definitions are introduced. Let
1For such prime product results, especially see Proposition 7
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D be a fundamental discriminant and (D/n) the Kronecker-Jacobi-Legendre symbol.
This symbol, a completely multiplicative function on the positive integers, is a real
primitive Dirichlet character with modulus |D|. Then the Dirichlet L series associated
to (D/n) is defined for Re s > 1 as
LD(s) =
∞∑
n=1
(
D
n
)
n−s. (1.5)
If D = 1, then L1(s) = ζ(s). For all other values of D, LD(s) can be made into an
entire function by using the value LD(1) 6= 0. With suitable factors of Ds/2, π−s/2,
and Γ[(s + ǫ)/2] (ǫ = 0, 1), LD(s) may be completed to L
∗
D(s) with the compact
functional equation L∗D(s) = L
∗
D(1 − s). A useful compilation of special values of
LD(s) is contained in [25].
Importantly for what follows, we describe how Dirichlet L-functions L±k(s) (e.g.,
[22], Ch. 16), are expressible as linear combinations of Hurwitz zeta functions. We
let χk be a real Dirichlet character modulo k, where the corresponding L function is
written with subscript ±k according to χk(k − 1) = ±1. We have
L±k(s) =
∞∑
n=1
χk(n)
ns
=
1
ks
k∑
m=1
χk(m)ζ
(
s,
m
k
)
, Re s > 1. (1.6)
This equation holds for at least Re s > 1. If χk is a nonprincipal character, as we
typically assume in the following, then convergence obtains for Re s > 0.
These L functions, extendable to the whole complex plane, satisfy the functional
equations [33]
L−k(s) =
1
π
(2π)sk−s+1/2 cos
(sπ
2
)
Γ(1− s)L−k(1− s), (1.7)
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and
L+k(s) =
1
π
(2π)sk−s+1/2 sin
(sπ
2
)
Γ(1− s)L+k(1− s). (1.8)
Owing to the relation
Γ(1− s)Γ(s) = π
sin πs
, (1.9)
these functional equations may also be written in the form
L−k(1− s) = 2(2π)−sks−1/2 sin
(πs
2
)
Γ(s)L−k(s), (1.10)
and
L+k(1− s) = 2(2π)−sks−1/2 cos
(πs
2
)
Γ(s)L+k(s). (1.11)
Statement of results
The first result may be placed in the context of special function theory, while the
subsequent ones Propositions 2–8 and 10 provide summatory results for differences of
the Stieltjes constants. Proposition 9 concerns representation of Sierpinski’s constant
S, and the last Proposition 11 bounds ζ(s) in the critical strip for real values of s.
Proposition 1 (a)
L±k(1) =
1
k
k∑
m=1
χk(m)γ0
(m
k
)
,
and (b) for all D 6= 1, the values
LD(1) =


π
3
√
3
if D = −3
π
4
if D = −4
πh(D)√−D if D < −4
2h(D) ln ε√
D
if D > 1
,
5
may be written in terms of γ0 = −ψ. Here h(D) is the ideal class number of the
quadratic field Q(
√
D) and ε is the fundamental unit of the integer subring Z+((D+
√
D)/2)Z .
Proposition 2 (a)
L±k(2) =
1
k2
∞∑
n=0
(−1)n
n!
k∑
m=1
χk(m)γn
(m
k
)
,
and (b) for all D, the values LD(2) may similarly be written in terms of sums of
differences γk(a). This includes the cases L1(2) = ζ(2) = π
2/6, L−4(2) = G, Catalan’s
constant,
L5(2) =
4π2
25
√
5
, L8(2) =
π2
8
√
2
, L12(2) =
π2
6
√
3
,
and
L−7(2) = I−7 ≡ 24
7
√
7
∫ π/2
π/3
ln
∣∣∣∣∣tan t +
√
7
tan t−√7
∣∣∣∣∣ dt. (2.1)
The value (2.1) and related integrals arise in hyperbolic geometry, knot theory,
and quantum field theory, and (2.1) has received considerable attention in the last
several years [3, 4, 5, 7]. References [14, 15] provide alternative evaluations of the
integral (2.1) in terms of the Clausen function Cl2(θ),
Cl2(θ) ≡ −
∫ θ
0
ln
∣∣∣∣2 sin t2
∣∣∣∣ dt =
∫ 1
0
tan−1
(
x sin θ
1− x cos θ
)
dx
x
= − sin θ
∫ 1
0
ln x
x2 − 2x cos θ + 1dx =
∞∑
n=1
sin(nθ)
n2
.
The evaluations of Proposition 2 provide connections of infinite sums of differences
of Stieltjes constants with values Cl2(θ).
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The next result, among other relations, connects a sum of differences of Stieltjes
constants with a sum involving the sum of divisors function σ−3(n) =
∑
d|n d
−3. In
stating the result, we introduce the Bloch-Wigner dilogarithm
D(z) = Im[Li2(z) + ln |z| ln(1− z)] = Im[Li2(z)] + arg(1− z) ln |z|,
where, as usual for |z| ≤ 1, the dilogarithm function is given by Li2(z) =
∑∞
n=1
zn
n2
,
which analytically continues to C\(1,∞). Then D(z) is real analytic in C\{0, 1}.
Proposition 3 Let z1 = (1 + i
√
23)/2, z2 = 2 + i
√
23, z3 = (3 + i
√
23)/2, z4 =
(5 + i
√
23)/2, and z5 = 3 + i
√
23. Then
3
2
ζ(4) +
40π
233/2
[
ζ(3)
2
+
∞∑
n=1
σ−3(n)(1 + πn
√
23)e−πn
√
3
]
=
4π2/3
233/2
[21D(z1) + 7D(z2) +D(z3)− 3D(z4) +D(z5)]
= 23−2
∞∑
n=0
(−1)n
n!
22∑
j=1
χ−23(j)γn
(
j
23
)
≡ 23−2
∞∑
n=0
(−1)n
n!
[
γn
(
1
23
)
+ γn
(
2
23
)
+ γn
(
3
23
)
+ γn
(
4
23
)
− γn
(
5
23
)
+ γn
(
6
23
)
−γn
(
7
23
)
+γn
(
8
23
)
+γn
(
9
23
)
−γn
(
10
23
)
+γn
(
11
23
)
+γn
(
12
23
)
−γn
(
13
23
)
+γn
(
14
23
)
−γn
(
15
23
)
+ γn
(
16
23
)
− γn
(
17
23
)
+ γn
(
18
23
)
− γn
(
19
23
)
+ γn
(
20
23
)
− γn
(
21
23
)
− γn
(
22
23
)]
.
Proposition 4 (a)
L±k(3) =
1
k3
∞∑
n=0
(−1)n
n!
2n
k∑
m=1
χk(m)γn
(m
k
)
,
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and (b) for all D, the values LD(2) may similarly be written in terms of sums of
differences γk(a). In particular, for D < 0, closed-form expressions for LD(3) are
known.
After the proof of Proposition 4 we illustrate the use of an integral representation
for γk(a) in order to obtain such sums for rational values of a.
Proposition 5
4−4
∞∑
n=0
(−1)n
n!
3n
[
γn
(
1
4
)
− γn
(
3
4
)]
=
1
768
ψ′′′
(
1
4
)
− π
4
96
.
The next sort of result follows from consideration of the Euler-Kronecker constant
γD of the quadratic field Q(
√
D). It provides a new summation representation of the
difference of the first Stieltjes constant at rational arguments.
Proposition 6 (a)
γ1
(
3
4
)
− γ1
(
1
4
)
=
π2
3
+ πγ + 4π
∞∑
ℓ=1
1
ℓ
1
(e2πℓ − 1) ,
and (b)
γ1
(
2
3
)
− γ1
(
1
3
)
=
π√
3
[
π
2
√
3
+ γ − 4
∞∑
ℓ=1
(−1)ℓ
ℓ
1
[(−1)ℓ − e√3πℓ]
]
.
As we mention below, such differences of γ1(a) at rational argument are related
to values of ln Γ(a) and hence ln Γ(1− a). For further details [13] may be consulted.
Proposition 7 (a)
∏
p≡1
mod 3
p2 + 1
p2 − 1 =
3
2π2
∞∑
k=0
(−1)k
k!
[
γk
(
1
3
)
− γk
(
2
3
)]
,
8
427
∏
p≡2
mod 3
p2 − 1
p2 + 1
=
1
9
∞∑
k=0
(−1)k
k!
[
γk
(
1
3
)
− γk
(
2
3
)]
,
(b) (1.4b) holds, as well as
∏
p≡1
mod 4
p2 + 1
p2 − 1 =
12
π2
G =
4
3π2
∞∑
k=0
1
k!
[
γk
(
1
4
)
− γk
(
3
4
)]
,
(c)
1√
5
=
∏
p≡2
mod 5
p2 − 1
p2 + 1
∏
p≡3
mod 5
p2 − 1
p2 + 1
=
∞∑
k=0
(−1)k
k!
[
γk
(
1
5
)
− γk
(
2
5
)
− γk
(
3
5
)
+ γk
(
4
5
)]
,
124
125
ζ(3) =
∏
p≡2
mod 5
p3 − 1
p3 + 1
∏
p≡3
mod 5
p3 − 1
p3 + 1
=
1
125
∞∑
k=0
(−2)k
k!
[
γk
(
1
5
)
− γk
(
2
5
)
− γk
(
3
5
)
+ γk
(
4
5
)]
=
1
125
[
ψ′′
(
2
5
)
− ψ′′
(
1
5
)
+ ψ′′
(
3
5
)
− ψ′′
(
4
5
)]
,
(d)
3π3
64
√
2
=
7
8
ζ(3)
∏
p≡5
mod 8
p3 − 1
p3 + 1
∏
p≡7
mod 8
p3 − 1
p3 + 1
=
1
83
∞∑
k=0
(−2)k
k!
[
γk
(
1
8
)
+ γk
(
3
8
)
− γk
(
5
8
)
− γk
(
7
8
)]
,
π2√
2
= 6ζ(2)
∏
p≡3
mod 8
p2 − 1
p2 + 1
∏
p≡5
mod 8
p2 − 1
p2 + 1
=
1
8
∞∑
k=0
(−1)k
k!
[
γk
(
1
8
)
− γk
(
3
8
)
− γk
(
5
8
)
+ γk
(
7
8
)]
,
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and (e)
∞∑
k=0
(−1)k
k!
[
γk
(
1
8
)
+ γk
(
3
8
)
− γk
(
5
8
)
− γk
(
7
8
)]
=
45
32
ζ(4)√
2G
∏
p≡7
mod 8
(
p2 − 1
p2 + 1
)2
,
∞∑
k=0
(−2)k
k!
[
γk
(
1
8
)
− γk
(
3
8
)
− γk
(
5
8
)
+ γk
(
7
8
)]
=
3π6
1792
√
2
1
ζ(3)
∏
p≡7
mod 8
(
p3 − 1
p3 + 1
)2
.
Let Ej denote the Euler numbers, for which the initial values are E0 = 1, E2 = −1,
E4 = 5, E6 = −61, E8 = 1385, E10 = −50521, and E2n+1 = 0 for n ≥ 0.
The next result complements Proposition 2 in the case that D = −4.
Proposition 8 Let k ≥ 0. Then
(−1)k
2(2k)!
E2k
(π
2
)2k+1
=
∞∑
n=0
(−1)n
n!
[
γn
(
1
4
)
− γn
(
3
4
)]
(2k)n.
Proposition 9 Sierpinski’s constant [28] S = γ−4 ≃ 0.8228252496 has the repre-
sentation S = 2γ + 4
π
J2, wherein
J2 ≡
∫ 1
0
ln(− ln x)
1 + x2
dx
has the novel representation for 0 < b < π/2
J2 =
1
2
∞∑
k=1
E2kb
2k+1
(2k + 1)!
[
ln b− b
(2k + 1)
]
+
b
2
(ln b− 1) + 1
2
∫ ∞
b
ln u
cosh u
du.
In particular,
J2 = −1
2
[
1 +
∞∑
k=1
E2k
(2k + 1)!
1
(2k + 1)
]
+
1
2
∫ ∞
1
ln u
cosh u
du.
Proposition 10. Let σ1(n) be the sum of divisors function and K0(z) the zeroth
order modified Bessel function of the second kind. Then (a)
ζ
(
1
2
)
L−11
(
1
2
)
= γ + ln
(√
11
8π
)
+ 4
∞∑
n=1
(−1)nσ1(n)K0(
√
11nπ)
10
= ζ
(
1
2
)
1√
11
∞∑
n=0
1
2n
1
n!
10∑
k=1
(
k
11
)
γn
(
k
11
)
,
and, more generally, (b) for p > 7 a prime and class number h(−p) = 1, 2
ζ
(
1
2
)
L−p
(
1
2
)
= γ + ln
(√
p
8π
)
+ 4
∞∑
n=1
(−1)nσ1(n)K0(√pnπ)
= ζ
(
1
2
)
1√
p
∞∑
n=0
1
2n
1
n!
p−1∑
k=1
(
k
p
)
γn
(
k
p
)
.
Proposition 11. Let 0 < s < 1. Then ζ(s) < 0. In particular, ζ(1/2) < 0. In
fact we also show that
−3
2
+
1
15
√
5
< ζ
(
1
2
)
< −35
24
.
Proof of Propositions
Proposition 1. (a) This follows from (1.6) and then (1.2),
L±k(1) =
∞∑
n−1
χk(n)
n
=
1
k
k∑
m=1
χk(m)ζ
(
1,
m
k
)
=
1
k
k∑
m=1
χk(m)γ0
(m
k
)
,
(b) follows since
∑k
n=1 χk(n) = 0 for nonprincipal characters χk.
Proposition 2. This again follows from (1.6) and the use of (1.2).
Remark. From the relation L−7(2) = I−7 and [14] we have for instance
1√
7
∞∑
n=0
(−1)n
n!
[
γn
(
1
7
)
+ γn
(
2
7
)
− γn
(
3
7
)
+ γn
(
4
7
)
− γn
(
5
7
)
− γn
(
6
7
)]
= 4 [3Cl2(θ7)− 3Cl2(2θ7) + Cl2(3θ7)] .
2so that p > 7 is given by 11, 19, 43, and 67.
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Proposition 3. The Dedekind zeta function of Q(
√−23) is given by
ζQ(
√−23)(s) = ζ0(s) + 2ζ1(s)
=
′∑
m,n
[
1
2
1
(m2 +mn + 6n2)s
+
1
(2m2 +mn+ 3n2)s
]
,
with the prime on the sum indicating the exclusion of the term m = n = 0. We apply
(1.2), (1.6), and the values [32]
ζQ(
√−23)(2) =
4π2/3
233/2
[21D(z1) + 7D(z2) +D(z3)− 3D(z4) +D(z5)]
= ζ0(2) + 2ζ1(2),
where the partial zeta function values are given by
ζ0(2) = ζ(4) +
8π
233/2
+
[
ζ(3)
2
+
∞∑
n=1
σ−3(n)(1 + πn
√
23)e−πn
√
3
]
,
and
ζ1(2) =
ζ(4)
4
+
16π
233/2
+
[
ζ(3)
2
+
∞∑
n=1
σ−3(n)(1 + πn
√
23)e−πn
√
3
]
.
Remark. Proposition 3 gives an example of the general relation for volumes in
hyperbolic 3-space H3
ζF (2) =
4π2
D3/2
Vol
(
H3/SL2(OF )
)
,
where F is an imaginary quadratic field.
Proposition 4. The results follow from (1.6) and the use of (1.2).
Remark. In particular, we have corresponding summations of differences of Stielt-
jes constants for values including
L−3(3) =
4π3
81
√
3
, L−4(3) =
π3
32
,
12
L−7(3) =
32π3
343
√
7
, L−8(3) =
3π3
64
√
2
.
For example,
4π3
81
=
1
35/2
∞∑
n=0
(−1)n
n!
2n
[
γn
(
1
3
)
− γn
(
2
3
)]
,
and
32π3
343
=
1
75/2
∞∑
n=0
(−1)n
n!
2n
[
γn
(
1
7
)
+ γn
(
2
7
)
− γn
(
3
7
)
+ γn
(
4
7
)
− γn
(
5
7
)
− γn
(
6
7
)]
.
Therefore we have identities for the summation of differences of Stieltjes constants
as given by the following example.
Corollary 1.
π3 =
81
4 · 35/2
∞∑
n=0
(−1)n
n!
2n
[
γn
(
1
3
)
− γn
(
2
3
)]
=
343
32 · 75/2
∞∑
n=0
(−1)n
n!
2n
[
γn
(
1
7
)
+ γn
(
2
7
)
− γn
(
3
7
)
+ γn
(
4
7
)
− γn
(
5
7
)
− γn
(
6
7
)]
.
Another systematic way to produce summatory relations for differences of the
Stieltjes constants is to use the author’s integral representation [16] for Re a > 0,
γk(a) =
1
2a
lnk a− ln
k+1 a
k + 1
+
2
a
Re
∫ ∞
0
(y/a− i) lnk(a− iy)
(1 + y2/a2)(e2πy − 1)dy.
We then determine that, for instance,
∞∑
k=0
(−2)k
k!
[
γk
(
1
3
)
− γk
(
2
3
)]
=
243
16
+54Re
∫ ∞
0
[
1
(3y + 2i)3
− 1
(3y + i)3
]
dy
(e2πy − 1)dy.
For q real, we observe that
Re
1
(3y + qi)3
= 9y
(3y2 − q2)
(9y2 + q2)3
.
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Then
∞∑
k=0
(−2)n
k!
[
γk
(
1
3
)
− γk
(
2
3
)]
=
243
16
+456
∫ ∞
0
[
3y2 − 4
(3y2 + 4)3
− (3y
2 − 1)
(3y2 + 1)3
]
ydy
(e2πy − 1) .
By taking two derivatives of an integral representation for the digamma function,
ψ(s) = ln s− 1
2s
− 2
∫ ∞
0
tdt
(t2 + s2)(e2πt − 1) ,
we obtain for the tetragamma function
ψ′′(s) = − 1
s2
− 1
s3
+ 8
∫ ∞
0
(t2 − s2)
(t2 + s2)3
tdt
(e2πt − 1) .
With the difference ψ′′(2/3)− ψ′′(1/3) = 8π3/33/2, we again obtain the result stated
in the remark above.
Proposition 5. We use (1.2), (1.6), and the value
L−4(4) = 4
−4[ζ(4, 1/4)− ζ(4, 3/4)] = 1
1536
[
ψ′′′
(
1
4
)
− ψ′′′
(
3
4
)]
=
1
768
ψ′′′
(
1
4
)
− π
4
96
.
The latter relation follows from the functional equation
ψ′′′(1− z)− ψ′′′(z) = −2π4(2 + cos 2πz) csc4 πz.
Proposition 6. The Euler-Kronecker constant of Q(
√
D) is defined as
γD = γ +
L′D(1)
LD(1)
.
(a) For D = −4 and L−4(1) = π/4,
γ−4 = γ +
4
π
L′−4(1) = ln
[
2πe2γ
Γ2(3/4)
Γ2(1/4)
]
,
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Sierpinski’s constant [28]. With L−4(s) = 4−s[ζ(s, 1/4)− ζ(s, 3/4)],
L′−4(s) = −(ln 4)L−4(s) + 4−s[ζ ′(s, 1/4)− ζ ′(s, 3/4)].
From (1.2), [
ζ ′(s, a) +
1
(s− 1)2
]
s=1
= −γ1(a),
giving
L′−4(1) = −(ln 4)
π
4
+ 4−1
[
γ1
(
3
4
)
− γ1
(
1
4
)]
,
and
γ−4 = γ − ln 4 + 1
π
[
γ1
(
3
4
)
− γ1
(
1
4
)]
.
Now by the Kronecker limit formula [21] we also have
γ−4 =
π
3
− ln 4 + 2γ − 4
∞∑
k=1
ln(1− e−2πk).
By equating the two expressions for γ−4 we obtain
1
π
[
γ1
(
3
4
)
− γ1
(
1
4
)]
=
π
3
+ γ − 4
∞∑
k=1
ln(1− e−2πk).
If we expand the logarithm, and interchange sums applying geometric series, we obtain
the stated result.
(b) For D = −3 we have
γ−3 = γ +
L′−3(1)
L−3(1)
= γ +
3
√
3
π
L′−3(1) = ln
[
2πe2γ
Γ3(2/3)
Γ3(1/3)
]
.
Since
L′−3(s) = −(ln 3)L−3(s) + 3−s[ζ ′(s, 1/3)− ζ ′(s, 2/3)],
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γ−3 = γ − ln 3 +
√
3
π
[
γ1
(
2
3
)
− γ1
(
1
3
)]
.
Also
γ−3 =
π
2
√
3
− ln 3 + 2γ − 4
∞∑
k=1
ln |1− e−2πiω−3k|,
where ω−3 = (1+i
√
3)/2. Again by expanding in the logarithmic sum and rearranging,
∞∑
k=1
ln |1− e−2πiω−3k| = −
∞∑
k=1
∞∑
ℓ=1
(−1)ℓk
ℓ
e−
√
3πkℓ =
∞∑
ℓ=1
(−1)ℓ
ℓ
1
[(−1)ℓ − e√3πℓ] ,
we obtain the stated result.
Proposition 7. (a) is demonstrated via (1.2) and the Euler product of L−3(s) =
L(s, χ−3), so that ∏
p≡1
mod 3
p2 + 1
p2 − 1 =
27L−3(2)
2π2
,
and ∏
p≡2
mod 3
p2 + 1
p2 − 1 =
4π2
27L−3(2)
.
(b) is proved similarly using L−4(s) and (1.2), and in this case we exhibit more
of the details of the Euler products for this L series and ζ(s). The resulting prime
products are ∏
p≡1
mod 4
p2 + 1
p2 − 1 =
12G
π2
,
and ∏
p≡3
mod 4
p2 + 1
p2 − 1 =
π2
8G
.
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We have
L−4(s) =
∏
p
(1− χ−4(p)p−s)−1 =
∏
p≡1
mod4
(1− p−s)−1
∏
p≡3
mod 4
(1 + p−s)−1,
while
ζ(s) = (1− 2−s)−1
∏
p≡1
mod 4
(1− p−s)−1
∏
p≡3
mod 4
(1− p−s)−1.
Then
L−4(s) = (1− 2−s)−1ζ(s)
∏
p≡3
mod 4
(1− p−s)
(1 + p−s)
= (1− 2−s)−1ζ(s)
∏
p≡3
mod 4
(ps − 1)
(ps − 1) .
Then L−4(2) = G and (1.2) are used.
(c) uses (1.2), L5(s) = 5
−s[ζ(s, 1/5)− ζ(s, 2/5)− ζ(s, 3/5) + ζ(s, 4/5)], its Euler
product representation,
L5(s) =
∏
p≡1
mod 5
(1− p−s)−1
∏
p≡2
mod 5
(1 + p−s)−1
∏
p≡3
mod5
(1 + p−s)−1
∏
p≡4
mod 5
(1− p−s)−1,
and the relation of the latter to that of ζ(s), so that
L5(s) =
ζ(s)
(1− 5−s)
∏
p≡2
mod 5
(1− p−s)
(1 + p−s)
∏
p≡3
mod 5
(1− p−s)
(1 + p−s)
.
Evaluations at s = 2 and s = 3 are then performed.
(d) uses (1.2), L−8(s) = 8−s[ζ(s, 1/8) + ζ(s, 3/8) − ζ(s, 5/8) − ζ(s, 7/8)], and
L+8(s) = 8
−s[ζ(s, 1/8)− ζ(s, 3/8)− ζ(s, 5/8) + ζ(s, 7/8)], their Euler product repre-
sentations in relation to that of ζ(s), and respective evaluations at s = 3 and s = 2.
(e) evaluates L−8(2) and L+8(3) using (1.2) and the Euler products of L±8(s) in
terms of those of L−4(s), ζ(s), and ζ(2s).
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Proposition 8. This is an application of (1.2), (1.6), and the evaluation for k ≥ 0
L−4(2k + 1) =
(−1)k
2(2k)!
E2k
(π
2
)2k+1
.
Proposition 9. Based upon the integral J2 evaluated in the Discussion section of
[13], we again find
S = γ − ln 4 + 1
π
[
γ1
(
3
4
)
− γ1
(
1
4
)]
.
Then we have the various integral representations
S = 2γ +
4
π
∫ ∞
0
e−x ln x
1 + e−2x
dx = 2γ +
2
π
∫ ∞
0
ln x dx
cosh x
= 2γ +
4
π
J2.
By applying a generating function of the Euler numbers,
sech x = 1 +
∞∑
k=1
E2k
(2k)!
x2k, |x| < π
2
,
we obtain the stated form of J2.
Proposition 10. We outline the steps for the more general setting of part (b).
Under the hypotheses stated, according to [8] (p. 95)
ζ
(
1
2
)
L−p
(
1
2
)
= γ + ln
(√
p
8π
)
+ 2
∞∑
n=1
(−1)nσ1(n)
∫ ∞
0
e−πn
√
p(y+1/y)/2 dy
y
= γ + ln
(√
p
8π
)
+ 4
∞∑
n=1
(−1)nσ1(n)K0(√pnπ).
Then (1.2) and (1.6) are used.
Remarks. Such values Lp(1/2) are of particular interest since finding an instance
of Lp(1/2) < 0 would be a violation of the generalized Riemann hypothesis.
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Of course from (1.2) we have
ζ
(
1
2
)
= −2 +
∞∑
n=0
γn
2nn!
= −2 + 1
π
∫ ∞
0
[ln(1 + t)− ψ(1 + t)] dt
t1/2
≃ −1.46035 < 0,
where γn(1) = γn. Among many other occurrences of the value ζ(1/2), it enters the
Madelung constant M2 = 4(
√
2− 1)ζ(1/2)L−4(1/2). Hence we have
M2 = 2(
√
2− 1)ζ
(
1
2
) ∞∑
n=0
1
2nn!
[
γn
(
1
4
)
− γn
(
3
4
)]
.
Proposition 11. For 0 < Re s < 1 [17],
ζ(s) =
1
s− 1 +
sin πs
π
∫ ∞
0
[ln(1 + t)− ψ(1 + t)]dt
ts
.
Now for x > 0,
1
2x
< ln x− ψ(x) < 1
x
.
Letting 0 < s < 1,
1
2
∫ ∞
0
dt
(1 + t)ts
<
∫ ∞
0
[ln(1 + t)− ψ(1 + t)]dt
ts
<
∫ ∞
0
dt
(1 + t)ts
.
Then using a special case of the Beta function integral for Re(a+b) > 1 and Re b < 1,
∫ ∞
0
dt
(1 + t)atb
= B(1− b, a+ b− 1) = Γ(1− b)Γ(a+ b− 1)
Γ(a)
,
1
2
<
sin πs
π
∫ ∞
0
[ln(1 + t)− ψ(1 + t)]dt
ts
< 1.
Then it follows that ζ(s) < 0.
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We may considerably refine the last inequality by using the inequalities from [19]
(Theorem 5)
1
2x
+
1
12(x+ 1/4)2
< ln x− ψ(x) < 1
2x
+
1
12x2
.
Restricting for illustration to s = 1/2,
1
2
∫ ∞
0
1
ts
[
1
t + 1
+
1
6(t+ 5/4)2
]
dt <
∫ ∞
0
[ln(1+t)−ψ(1+t)] dt
t1/2
<
∫ ∞
0
1
t1/2
[
1
t+ 1
+
1
6(t+ 1)2
]
dt.
Thus we obtain
1
2
(
1 +
2
15
√
5
)
<
1
π
∫ ∞
0
[ln(1 + t)− ψ(1 + t)] dt
t1/2
<
13
24
.
Hence
−3
2
+
1
15
√
5
< ζ
(
1
2
)
< −35
24
follows.
Remarks. Similarly we obtain
−5
6
+
1√
2 · 30 · 51/4 < ζ
(
1
4
)
= −4
3
+
∞∑
n=0
(
3
4
)n
γn
n!
< −13
16
,
which relates to ζ(3/4) via
ζ
(
3
4
)
=
√
2 +
√
2Γ(1/4)
(2π)1/4
ζ
(
1
4
)
.
From the value of ζ ′(1/2) we obtain the identity
1
π
∫ ∞
0
[ln(1 + t)− ψ(1 + t)] ln t
t1/2
dt =
∞∑
n=0
γn+1
2nn!
= −2Re i
∫ ∞
0
ln(1− iy)
(1− iy)1/2(e2πy − 1)dy.
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